Homogenization of Linear Viscoelastic Three Phase Media: Internal Variable Formulation versus Full-field Computation  by Blanc, V. et al.
Available online at www.sciencedirect.com
∗
∗
doi:10.1016/j.proeng.2011.04.314
Procedia Engineering 10 (2011) 1889–1894
1877-7058 © 2011 Published by Elsevier Ltd. 
Selection and peer-review under responsibility of ICM11
Open access under CC BY-NC-ND license.
© 2011 Published by Elsevier Ltd. 
Selection and peer-review under responsibility of ICM11 
Open access under CC BY-NC-ND license.
1890  V.Blanc et al. / Procedia Engineering 10 (2011) 1889–1894
I
ε˙m =
1
3ke
σ˙m +
1
3kvI
σm, e˙ =
1
2μe
s˙ +
1
2μvI
s
εm σm e s
ke μe kvI μ
v
I
ε(t) σ(t) k˜(t) μ˜(t)
σm(t) = 3
∫ t
0
k˜(t− u) εm(u), s(t) = 2
∫ t
0
μ˜(t− u) e(u)
k˜(t) =
Nmp∑
i=1
kτmi e
− t
τm
i , μ˜(t) =
Ndp∑
i=1
μτdi e
− t
τd
i
τmi τ
d
i kτmi μτdi
σm(t) = 3ke
(
εm(t)−
Nmp∑
i=1
αmi (t)
)
, s(t) = 2μe
(
e(t)−
Ndp∑
i=1
αdi (t)
)
αmi α
d
i
α˙mi (t) +
1
τmi
αmi (t) =
1
τmi
kτmi
ke
εm(t), α˙dj (t) +
1
τdj
αdj (t) =
1
τdj
μτdj
μe
e(t)
i = 1..Nmp j = 1..N
d
p
I p
σIm
∗(p) = 3k∗I (p)εIm
∗(p), s∗I(p) = 2μ
∗
I(p)e
∗
I(p)
τmI = k
v
I /k
e τdI = μ
v
I/μ
e k∗I (p) =
kep
p+ 1
τm
I
μ∗I(p) =
μep
p+ 1
τd
I
k˜∗ μ˜∗
k˜∗ =
1
〈 1
kˆ∗+k∗I
〉 + kˆ
∗, μ˜∗ =
1
〈 1μˆ∗+μ∗I 〉
+ μˆ∗
V.Blanc et al. / Procedia Engineering 10 (2011) 1889–1894 1891
〈.〉 kˆ∗ μˆ∗
kˆ∗ = 43μ
∗
1 μˆ
∗ = μ
∗
1
6
9k∗1+8μ
∗
1
k∗1+2μ
∗
1
p
k˜∗(p) =
Nmp∑
i=1
kτmi
p
p + 1τmi
, μ˜∗(p) =
Ndp∑
i=1
μτdi
p
p + 1
τdi
τmi τ
d
i
kτmi μτdi
k˜(t) Nmp = 4
τm1 = τ
d
1 (τ
m
2 , τ
m
3 , τ
m
4 )
(− 1τm2 ,−
1
τm3
,− 1τm4 ) Q
m(p)
Qm(p) = p3 + am2 p
2 + am1 p + a
m
0
τˆmI =
ke+ 43μ
e
ke
τd1
+ 43
μe
τm
I
I = 1..3 ami
am2 =
〈 1
τm
− 1
τˆm
〉
+
3X
I=1
1
τˆmI
, am1 =
〈 1
τm
〉 3X
I=1
1
τˆmI
+
〈
τˆm
〉
Q3
I=1 τˆ
m
I
− 〈 1
τˆmτm
〉, am0 =
〈
τˆm
τm
〉
Q3
I=1 τˆ
m
I
kτmi τˆ
m
I
kτmi = (k
e +
4
3
μe)
∏3
I=1(
1
τˆmI
− 1τmi )∏4
j=1
j =i
( 1τmj −
1
τmi
)
− 4
3
μeδ1i
δij = 1 i = j
Ndp = 6
τd1 = τ
d
1 τ
d
2 =
ke+2μe
ke
τd1
+2 μ
e
τm1
(τd3, τ
d
4, τ
d
5, τ
d
6) (− 1τd3 ,−
1
τd4
,− 1
τd5
,− 1
τd6
) Qd(p)
Qd(p) = p4 + ad3p
3 + ad2p
2 + ad1p + a
d
0
adi
• ad3 =
∑3
I=1
1
τˆdI
+ 〈 1
τd
− 1
τˆd
〉 − 1
τd1
• ad2 =
∑3
I=1 PI − 〈P 〉+ 〈τˆd〉
∏3
I=1
1
τˆdI
+ (
∑3
I=1
1
τˆdI
− 1
τd1
)(〈 1
τd
〉 − 1
τd1
)− 〈 1
τˆd
( 1
τd
− 1
τd1
)〉
• ad1 =
(
〈τˆd〉∑3I=1 PI τˆdI + P1τˆd1 〈( τd1τd − 1)τˆd〉 − 〈P (τˆd)2〉
)∏3
I=1
1
τˆdI
+
〈
( 1
τd
− 1
τd1
) 1P
〉
1
P1
∏3
I=1 PI
• ad0 = 〈 1P τd 〉τd1
∏3
I=1 PI
τˆdI , PI
I = 1..3 :
1
τˆdI
=
1
τd1
+
1
τˆm1
+
9ke + 8mue
15ke + 20μe
( 1
τdI
− 1
τd1
)
, PI =
1
τd1 τˆ
m
1
+
9ke
τd1
+ 8μ
e
τm1
15ke + 20μe
( 1
τd1
− 1
τdI
)
.
1892  V.Blanc et al. / Procedia Engineering 10 (2011) 1889–1894
μτdi = μ
eγe
( 1τˆm1 −
1
τdi
)
∏3
I=2(
1
τˆdIa
− 1
τdi
)( 1
τˆdIb
− 1
τdi
)
∏Ndp
j=1
j =i
( 1
τdj
− 1
τdi
)
− μe(γe − 1)δi1δi2
1
τ˜1
− 1
τdi
δi1
τd2
+ δi2
τd1
− 1
τdi
γe = 15k
e+20μe
6(ke+2μe) τ˜1 =
9ke+8μe
9ke
τd1
+ 8μ
e
τm1
(− 1
τˆdIa
,− 1
τˆdIb
)
p2 +
1
τˆdI
p + PI = 0 I = 1..3
(τˆdIa, τˆ
d
Ib)
Qm(p) Qd(p)
c2 = 0.15 c3 0.24
c3 = 0.24
L r2/L = 1/15 r2/L = 1/4
r3/L = 1/10
μe = 70
ke = 160 μv1 =
ke
2.5 μ
v
2 =
1
3μ
v
1 μ
v
3 = 3μ
v
1
kvI >> k
e
V.Blanc et al. / Procedia Engineering 10 (2011) 1889–1894 1893
εzz = 0.02
σzz
σezz
t
τd1
σzz = 100
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  1  2  3  4  5  6  7  8  9
 S
zz
/S
zz
e 
 
 t/tau1d 
FE model c2=0.15,c3=0.  
FE model c2=0.15,c3=0.1 
FE model c2=0.15,c3=0.25
IV Analytic model c2=0.15,c3=0.  
IV Analytic model c2=0.15,c3=0.1 
IV Analytic model c2=0.15,c3=0.25
 0
 0.0005
 0.001
 0.0015
 0.002
 0.0025
 0.003
 0.0035
 0.004
 0.0045
 0.005
 0  1  2  3  4  5  6  7  8  9
Ax
ia
l s
tra
in
 E
zz
 
 t/tau1d 
FE model c2=0.15,c3=0.  
FE model c2=0.15,c3=0.1 
FE model c2=0.15,c3=0.25
IV Analytic model c2=0.15,c3=0.  
IV Analytic model c2=0.15,c3=0.1 
IV Analytic model c2=0.15,c3=0.25
1894  V.Blanc et al. / Procedia Engineering 10 (2011) 1889–1894
AmI
∗ AdI
∗
ε∗Im(p) = A
m
I
∗(p)ε∗0m(p), e
∗
I(p) = A
d
I
∗
(p)e∗0(p)
AmI
∗ = kˆ
∗+k∗0
kˆ∗+k∗I
AdI
∗ = μˆ
∗+μ∗0
μˆ∗+μ∗I
(ε0m, e0)
I
σIm
∗ = 3k∗I
kˆ∗ + k˜∗
kˆ∗ + k∗I
εm
∗ , sI∗ = 2μ∗I
μˆ∗ + μ˜∗
μˆ∗ + μ∗I
e∗
p
σIm
∗(p) =
Nm+1p∑
i=1
lτˆmIi
p
p + 1τˆmIi
εm
∗(p) , sI∗(p) =
Nd+2p∑
i=1
lτˆdIi
p
p + 1
τˆdIi
e∗(p)
I
• i = 1..Nmp τˆmIi = τmi lτˆmIi = 11+ 4μe3ke kτmi
1
τm
i
− 1
τd1
1
τm
i
− 1
τˆm
I
• i = Nm+1p τˆmIi = τˆmI lτˆmI = 11+ 4μe3ke
(∑Nmp
j=1 kτmi
1
τd1
− 1
τˆm
I
1
τm
i
− 1
τˆm
I
+ 43μ
e
)
• i = 1..Ndp τˆdIi = τdi lτˆdIi =
μ
τd
i
γe
( 1
τd
i
− 1
τd1
)( 1
τd
i
− 1
τd2
)
( 1
τd
i
− 1
τˆd
Ia
)( 1
τd
i
− 1
τˆd
Ib
)
• i = N (d+1)p N (d+2)p
τˆdIi = τˆ
d
Ia/b lτˆdIa/b
= 1γe
( ( 1
τd2
− 1
τˆd
Ia/b
)( 1
τd1
− 1
τˆd
Ia/b
)
1
τˆd
Ib/a
− 1
τˆd
Ia/b
∑Ndp
j=1
μ
τd
j
1
τd
j
− 1
τˆd
Ia/b
+ μe 9k
e+8μe
6(ke+2μe)
1
τ˜1
− 1
τˆd
Ia/b
1
τˆd
Ib/a
− 1
τˆd
Ia/b
)
βmI τˆ
m
I
βdIa β
d
Ib τˆ
d
Ia τˆ
d
Ib
⎧⎪⎪⎨
⎪⎪⎩
σmI (t) = 3k
e(εm(t)−∑Nmpi=1 lτˆmIikτm
i
αmi − βmI )
β˙mI (t) +
1
τˆmI
βmI (t) =
1
τˆmI
lτˆm
I
ke εm(t)
,
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
sI(t) = 2μe
(
e(t)−∑Ndpi=1
l
τˆd
Ii
μ
τd
i
αdi − βdIa − βdIb
)
β˙
d
Ia/b(t) +
1
τˆd
Ia/b
βdIa/b(t) =
1
τˆd
Ia/b
l
τˆd
Ia/b
μe e(t)
